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Oscillations of the work function for thin metal layers
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Abstract
The nonlocal potential and the nearest neighbor approximation (NNA) is used to obtain a simple analytical
equation for the work function. In contrast to earlier approaches to the problem, the present treatment does
not involve any extra coefficients. The work function is exactly defined function of the electron density n and
screening parameter kS. What is more, the presented treatment allows to calculate changes of work function
when the physical dimensions of metallic sample reduces to nanoscale.
Słowa kluczowe: nielokalny potencjał, splot, parametr ekranowania
Abstrakt
Nielokalny potencjał oraz przybliżenie „najbliższego sąsiada” (NNA) zostało wykorzystane do uzyskania
prostego analitycznego wyrażenia na pracę wyjścia. W odróżnieniu od wcześniejszych metod prezentowany
model nie zawiera żadnych dodatkowych parametrów. Praca wyjścia jest dokładnie zdefiniowaną funkcją gęstości elektronów n oraz parametru ekranowania kS. Co więcej, zaprezentowany model pozwala obliczyć
zmiany pracy wyjścia, gdy rozmiary metalowej próbki redukują się do nanoskali.

Introduction

crystal momentum along the direction perpendicular to the film [2, 3]. This in turn leads to changes
in the electron density, including Friedel-type oscillations [4]. Because the work function, according to
Kohn and Sham theory [5], can be treat as functional of electron density, so it also should manifest
slight but perceptible oscillations along with increasing of the film thickness. The density of states
at the Fermi level undergoes an abrupt change each
time a new subband crosses the Fermi level, and
the work function should correspondingly exhibit
a small but noticeably, cusp [4]. The periodic oscillations of work function and surface energy were
later confirmed both experimentally and theoretically by various authors to include atomistic effects
and more sophisticated methods of calculations [6,
7, 8, 9, 10]. To move beyond the qualitative argument and to verify in detail the quantum origins of
the oscillations one utilizes the Vienna Ab-initio
Simulation Package (VASP) [11], based on density

The properties of a solid can be substantially
modified as its physical dimensions are reduced to
the nanoscale. Such quantum size effects are well
known and have been studied extensively in connection with the modification of bulk properties [1].
Much less familiar but equally important seems the
modification of surface properties. The present
work examines a basic surface property in simple
system namely, work function of a metallic film as
a function of the film thickness. An elementary
picture of the work function involves a surface
dipole layer that a valence electron must overcome
in order to escape. Since the screening length in
a metal is rather short (0.8Ä), one might expect
a minimal influence of the film thickness on the
work function. However, quantum confinement of
the valence electrons in case of a film can result in
quantum well states which lead to quantization the
Zeszyty Naukowe 26(98)

15

Janusz Chrzanowski, Yury A. Kravtsov

functional theory with plane waves and ultra-soft
pseudopotentials. In recent years theory, based on
random- phase approximation (RPA) or the time-dependent local-density approximation (TDLDA),
has made considerable progress in the understanding of the collective excitations and in its predictive
capability for simple metal surfaces and adlayers
[12, 13]. Of course these methods need special subtle numerical programs and what is more some
extra parameters different for each analyzed metal.
Despite of such sophisticated method there exists
discrepancy between experimental an theoretical
results what in case rapid progress in nanotechnology makes one search new and unconventional
solutions. Using for investigations STM techniques
made possible to let known new aspects of reality
in the range of nanoscale. An intriguing and unexpected feature has recently been discovered during
epitaxial growth of metal thin films on semiconductors. The metal atoms can arrange themselves into
plateaus or islands of selective heights, with flat
tops and steep edges under certain growth condition
[14]. This unusual behavior was observed in some
systems such as Ag/Si or Pb/Si and can be significant, since the formation of uniform, self-organized
atomic structures points to a potentially interesting
pathway to prepare functional nanostructures. The
knowledge of the mechanisms by which an oxide
support modifies the properties of metal deposits
[15] is an important part of the understanding of
interfacial phenomena in the technology of composite materials, electronic devices and heterogeneous
catalysis. Depending on the electro negativity of the
metal, charge transfers occur between the substrate
and the deposit that induces work function changes
which would modify the metal properties [16].
During last two decades have been studied different type of surface defects. As a result, it is now
well known that for example stepped surfaces may
have a markedly reduced work function (WF) than
that on their flat counterpart [17]. A recent calculation [18] was even able to reproduce the experimentally observed linear dependence of the WF
reduction on the step density. The simple dependence has been used to monitor the layer-by layer
growth mode in molecular-beam epitaxy (MBE)
[19]. However, in a very recent calculation [20, 21,
22, 23, 24], which is more realistic than previous
one, authors concluded that to be able to explain the
WF reduction of stepped surfaces significant modifications of Smoluchowski – smoothing based
models are necessary not only for transition metals
but also for simple metals. Because they found that
on Al surfaces steps can both reduce and increase
the work function. To solve this problem, it would

be very helpful if it is possible to measure the local
work function variation induced by steps on metal
surfaces. In result, the work function becomes one
of the most important parameters describing metal
surface properties and it seems obvious that in order to explain the effect of the substrates one must
study as a first – step investigations the physical
picture of free-standing metal films.
Analytical expression for work function,
based on the nearest neighbor
approximation (NNA)
Let us consider the stationary Schrödinger equation (time dependence exp(–iEt/ħ) is implied) for
single electron wave function (r), which describes
behavior of a selected electron among ions in
metal:

 22
(1)

r   V r   Er 
2m


Here V means operator of potential energy, defined as:


N

V r   VSC  r  ri r 

(2)

i 1

and VSC r  ri  is a screened Coulomb potential:

VSC  r  ri   

Ze 2
exp kS r  ri 
r  ri

(3)

which describes the electrical field of the i-th ion in
presence of all the rest electrons (here e is an electron’s charge and Z is a valence). Screening parameter kS in eq. (3) is commonly assumed [8, 9, 10,
11] to be comparable with the Fermi wave number
kF, which is a radius of the Fermi sphere in the
wave number space:



kS  kF  3π 2n



1/ 3

(4)

where n is electron density. At n ~ 1023 cm–1 the
screening parameter (4) is about 108 cm–1, so that
screening radius aS  k F1 is comparable with
a distance between ions:

aS ~ kF1 ~ 1 nm

(5)

Therefore, the wave function (r) in the eq. (2)
can be substituted by the value (ri), corresponding
to the position of the ion ri, nearest to the studied
point r:


N

N

i 1

i 1

V r   VSC  r  ri r   VSC  r  ri ri  (6)
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In what follows, we shall refer to this relation as to
“the nearest neighbor” approximation (NNA) [25].
The nearest neighbor approximation (r) 
(ri) allows to convert the potential operator (6)
into nonlocal form. Let us introduce an auxiliary
function:
N K  

 R  ri d R
3

(7)

 R  ri VSC r  R R  

  nion rK vKVSC r  rK  (rK )

(9)

E

 2k 2
0 ~
 nion
V k 
2m

~
4πZe 2
V k    2
k  ks2

(14)

(15)

(16)

The potential energy of the electron (15) will be:

(10)

4n0 πZe 2
4n0 πe2
0 ~
nion
V k    ion


k 2  kS2
k 2  kS2

Schrödinger equation (1) with nonlocal potential
(10) takes the form:

(17)

0
where Znion
 nel0  n0 means the electron density.

 2 2

 r  
2m
(11)
3
  nion ρ VSC r  ρ  ρ d ρ  E r   0

By definition, the work function W is the minimum energy that has to be supplied to the electron
in order to remove it from the metal in a thermodynamically reversible manner. Intending to calculate
the work function, let us take into account, that
difference between the zero level of total energy
E = 0, which is the total energy of the electron at
the metal surface, and the highest potential energy
~
~
max[n0V (k )]  n0V (kF ) , which corresponds to the
Fermi energy and is achieved at the wave number
kF, as it is shown at figure 1. Thus, the work function W can be identified with the value:



Relation between the nonlocal term V  r  in
eq. (11) and the wave function (r) is quite similar
to the relation between electrical displacement D
and electrical intensity E in the media with spatial
dispersion [26]. Radius of spatial dispersion disp in
metals is thought to be inverse value of Fermi
sphere radius kF in wave-number space: disp ~ 1/kF.
Schrödinger equation (11) with nonlocal potential (10) admits to find a simple solution with E as
a total energy. Passing to the Fourier transforms:
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(13)

Dispersion relation (15) presents the total energy
E of an electron as a sum of the kinetic energy
~
ħ2k2 / 2m and the potential energy nionV k  . Taking
into account that Fourier transform of screened
potential (3) equals [28]:

Assuming vK to be small as compared with
a total volume Vtot of a metallic sample and simultaneously large enough to contain sufficiently many
ions NK >> 1, we may involve a continuous variable  instead of discrete variables rK and substitute
the small volume vK by infinitely small element
d3. Then we come from discrete sum (6) to
integral representation:


(12)

Thus, in case of limitless sample of metal with
uniform ion density (13) the Schrödinger equation
(11) leads to the following dispersion relation:

rK

V r    d3ρ nion ρVSC r  ρρ



  2k 2
~
0 ~


 2m  nionV k   E   (k )  0



(8)

ri v K

1
V (r ) exp(ikr)d3r
(2π)3 

We convert the Schrödinger equation (11) in to the
following form:

We can rewrite eq. (6) in the form:


~
V k  

0
nion r   const  nion

which has a sense of number of ions in small
volume vK, centered at the point rK, K = 1, 2, …,
N/NK. Introducing an ion density nion(rK), averaged over small volume vK:

V  r    d3R

1
 (r ) exp(ikr)d 3r
(2 π)3 

We can make the most of convolution properties
[27] assuming the density nion(r) to be a constant
value,

ri  K

N K
nion rK  
vK



~
 k  

~
W  n0V k F 
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as was suggested first in the previous publications
[29, 30, 31]. For the screened potential (3) the work
function becomes:
W

4πn0e2
k F2  kS2

good accuracy [25] despite the simplifying assumptions (13), (20). The difference between experimental value and calculated directly from eq. (22) for
majority metals do not exceeds 15%, and for many
is less than 7%.

(19)

Quantum size effects on the work function
of metallic thin layers

Vv[eV]
[eV]

10
8

The equation for work function (21–22) were
obtained on the assumption that the ion density nion
and in consequence the electron density n0 is constant in whole space. In general both densities may
be dependent on position: n = (r). In such case it is
convenient to introduce function:

6
4
2

kF1

0
-2

kF2

Y r   nion r  VSC r 

-W 1
-W 2
Na

-4

This way instead of equation (15) we obtain:

-6

Cu

E

-8
-10
0,0

(23)

0,5

1,0

1,5

2,0

2,5

3,0

what by comparison with relation (23) gives:
~
W   n~k  k VSC k  d 3k 
~
  n~k VSC k  k  d 3k 

Let us calculate the work function (19) under assumption that screening parameter kS equals Fermi
wave number kF:

4πn0e
k F2


1  z  0.5 

z   


0  z  0.5


(27)

for which Fourier transform equals:

2

z  

(21)

Using for Fermi radius kF, the expression (4) we
obtain for the work function:
2e2 3 n0
WF 
 9π

(26)

The last relation allows to determine the dependency of work function on the physical dimension
for given sample.
Let us assume the metallic sample in shape of
thin layer in the XY plane.
Introducing unit function:

(20)

This assumption agrees with the uncertainty
principle: when electron is localized inside the
Fermi sphere k < kF in the wave number space,
uncertainty of the electron coordinate aS is about
1/kF. It means that screening parameter kS ~ 1/aS
will be comparable with kF, what agrees with assumption (20).
The work function (19), corresponding to the
choice of ks accordingly (20), equals:
WF  W kS  k F  

(24)

and taking into account relations (16–18) we can
present work function in form:
~
W  Y kF 
(25)

8 8 –1-1
k10
k*10cm
cm
~
Fig. 1. Dependence of the electron’s potential energy n0V (k ) ,
eq. (17), on wave number k for Na and Cu respectively
~
Fig. 1. Zależność energii potencjalnej elektronu n0V (k ) ,
(równanie 17), od liczby falowej k dla Na i Cu

kS = kF

 2k 2 ~
 Y k 
2m

sin πk z 
πk z

(28)

and dimensionless variable:

  zk F

(29)

We can present the thickness of the metallic layer
in form:

(22)

The factor  = 0.6210–12 in eq. (22) is introduced in order to express the work function in eV.
The simple equation allows to calculate directly
the work function of every metal with surprisingly

 zk 
 F 
 N 

(30)

where N  R (Fig. 2).
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k
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Y k F   0
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kF 0
π
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0.5 N





4πe 2
d k (37)
k F  k 2  k S2

Coming back to dimensionless variable  (29),
and keeping in mind assumption (20) we obtain
after simple calculations:



sin Nπ 
1
d
π
1    0.5 2
0

1

W  2W0

Fig. 2. The thickness of metallic film as a multiple of dimensionless variable 
Fig. 2. Grubość metalowej warstwy jako wielokrotność bezwymiarowej zmiennej 


 Nk

sin  π z
 1
 kF
k
kF
π z
kF

(38)

where W0 means work function from equation (21).
For simplification of numerical calculations
only, we can expand in series expression and
restricting ourselves to two first elements (Fig. 3)
we get:

Using properties of the Fourier transforms we
find:

 Nk
sin  π z
N
 zk 
 kF
 F 
Nk
kF
 N 
π z
kF







W N   2W0

sin Nπ 
1    d 
π

0

1



(39)

3

(31)
Assuming n(r) in form:
nr   n0 n1 x  n2  y  n3 z 

(32)

2
2

1/(1-+0.5 )

We obtain in transform domain:

+1

ff(())

 

n~k   n0 n~1 k x  n~2 k y n~3 k z 

(33)

1

In result relation (26) converts into:

W


 

 

n0 n~3 k z  k x  k y



4πe 2
d k d k d k
k F  k 2  kS2 x y z

0
0,0

(34)



~
 n3 k z 



4πe 2
d k
k F  k z 2  k S2 z

W  2n0  n~3 k z 
0

4πe 2
d k
k F  k z 2  kS2 z

(36)

here factor 2 occurs for the sake of spin.
Using relation (31) we can rewrite last equations
as follows:
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0,6



0,8



1,0

As the graph above shows it is quite good
approximation and what is more it allows on
numerical calculation by means of common used
program Wolfram Mathematica.
The results of numerical calculations are presented on the graph (Fig. 4).
On the basis of carrying out calculations we can
state that in presented model the oscillations of
work function occur in wide range of layer thickness. However for large N the changes are less than
0,1% W0, so in consequence they become impossible to detect. Of course according to expectations
W  W0 when N  

(35)

On account of fact that electrons occupy only
states for which k  kF, the last relation transforms
into:
kF

0,4

Fig. 3. Comparison of the integrand with its series expanding
1 +  (two first elements only)
Fig. 3. Porównanie funkcji podcałkowej z jej rozwinięciem
w szereg 1 +  (dwa pierwsze elementy)

Taking into consideration properties of Dirac’s 
distribution we get:

W

0,2
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calculations and experiments made by other authors
refer to A-metal uniform films grown on B-metal
whisker, whereas this work refers to homogeneous
metal layers.

W / W0
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Fig. 4. The oscillations of work function in dependency on
layer thickness
Fig. 4. Oscylacje pracy wyjścia w zależności od grubości
warstwy

The most considerable changes take place for
N < 10; the maximum of work function we observe
for N = 0.89 where W = 1.61W0. It seems to
harmonize with anticipation because in the limit
inferior work function should transfer into the
ionization energy  of the corresponding atom
(  –2W0).
Conclusions
In presented paper we have been concerned with
calculating from the first principle in the framework
of nonlocal potential and nearest neighbor approximation (NNA) the work function of thin and clean
metal layers. Despite significant simplifying approximations obtained results are in good agreement with experiment showing distinct oscillations
of work function in dependence on metal films
thickness. By means of, open to wide public, Wolfram Mathematica one is able to reconstruct oscillations of WF as a function of film thickness for arbitrary metal. However, despite of promising results
justifying theoretically series conducted experiments one should with considerable carefulness
relate both to present model and comparisons with
results obtained in different papers. As to presented
above model, assumption the electron density function in form (13), can but not must be adequate to
the real electron distribution in metal thin layers.
One should take into account another electron density profiles for the different metals and also consider the change of Fermi surface as a consequence
of reduced dimensionality, which must lead to
change of Fermi radius. On the other hand both
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